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Finite-temperature spin transport in the quantum Heisenberg spin chain is known to be superdif-
fusive, and has been conjectured to lie in the Kardar-Parisi-Zhang (KPZ) universality class. Using
a kinetic theory of transport, we compute the KPZ coupling strength for the Heisenberg chain as
a function of temperature, directly from microscopics; the results agree well with density-matrix
renormalization group simulations. We establish a rigorous quantum-classical correspondence be-
tween the “giant quasiparticles” that govern superdiffusion and solitons in the classical continuous
Landau-Lifshitz ferromagnet. We conclude that KPZ universality has the same origin in classical
and quantum integrable isotropic magnets: a finite-temperature gas of low-energy classical solitons.
Introduction . The dynamics of isolated many-body
systems exhibits a remarkable diversity, which we have
only begun to understand in the past decade [1–3]. Dy-
namics in one dimension is particularly rich, as exper-
imental and theoretical studies have shown. Although
experiments often deal with systems far from equilib-
rium [4–13], from a theoretical perspective it is most
natural to characterize dynamics in the linear regime
about equilibrium states. Linear response can be probed
via transport experiments [14, 15] or by measuring dy-
namical correlations [16]. Generically, the densities of
conserved quantities in lattice models undergo diffusion,
as predicted by linearized hydrodynamics [17]. Inte-
grable and many-body localized systems, however, have
infinitely many local conserved charges, so simple hydro-
dynamic arguments fail. Transport is absent in local-
ized systems [18–21] and in general ballistic in integrable
systems [3], though anomalous transport, including both
subdiffusion [22–24] and superdiffusion [3, 25, 26], has
also been observed. The mechanisms underlying anoma-
lous diffusion occurs remain an active open question.
The phenomenon of spin superdiffusion in the quan-
tum Heisenberg spin chain, discovered in [25], has re-
cently been confirmed in a number of numerical studies
with tensor network simulations [27–29], and then ad-
dressed [30–35] using the framework of generalized hydro-
dynamics (GHD) [31, 33, 36–61], which extends hydrody-
namics to integrable systems. The observed anomalous
diffusion was initially attributed to particular properties
of interacting quasiparticle excitations in the Heisenberg
chain [30–32]. More recent studies, however, uncovered
the presence of universal KPZ dynamics in a wide class
of quantum [29] and classical [62–64] Hamiltonian sys-
tems, together with other types of superdiffusion [65, 66].
These include, among others, models which are directly
relevant for cold atoms experiments such as the Fermi-
Hubbard chain [67, 68]. At the same time, even if the
KPZ equation was originally introduced to describe clas-
sical stochastic growth phenomena [69], its large dynami-
cal universality class has recently incorporated also noisy
quantum systems, as random unitary models [70] and
spin chains with noise [71, 72].
Stimulated by previous observations, Refs. [34, 35]
suggested that absence of normal diffusion originates
from the long-wavelength fluctuations of local conserved
charges associated with the non-Abelian continuous sym-
metry of the model. A common theme that emerges
from all of these studies is that the excitations respon-
sible for the observed anomalous spin diffusion in the
Heisenberg chain are interacting long-wavelength spin
fluctuations: either a thermal gas of “giant quasipar-
ticles” [31, 32] described by GHD equations or, alter-
natively, “soft gauge modes” that conventional GHD
cannot capture [34, 35]. These pictures have comple-
mentary advantages: the GHD approach is microscopic,
but has not so far been able to reproduce the emer-
gence of the KPZ scaling function, whereas the latter is
field-theoretical phenomenological approach which offers
a plausible derivation of the KPZ equation.
In the present work, we elucidate the microscopic
nature of spin superdiffusion by identifying the “giant
quasiparticles” of the Heisenberg model with classical
soliton solutions of the Landau-Lifshitz equation [73].
We achieve this systematically through an explicit semi-
classical scaling limit of the thermodynamic Bethe ansatz
equations, thereby providing the missing link between the
GHD approach and the proposal of Ref. [34]. This allows
us to predict not only the correct exponent for superdif-
fusion but also the numerical value of the temperature-
dependent coupling constant of the emergent KPZ dy-
namics (Fig. 1). We thus show how for integrable classi-
cal or quantum isotropic ferromagnets, the data entering
the coarse-grained KPZ equation can be derived micro-
scopically.
Model . We consider the spin- 12 Heisenberg Hamilto-
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FIG. 1. Upper panel: given an external small magnetic field
h  1, the quantum-classical mapping identifies quantum
eigenstates with large quantum numbers s ∝ 1/h of magnons
with soliton waves in a classical Landau-Lifshitz magnet.
Lower panel: temperature (T )-dependent coefficient of the
KPZ nonlinearity predicted by the self-consistent theoretical
approach, compared with numerical results from tDMRG (see
also caption of Fig. 2). At finite times, the spin profile is
not precisely of the KPZ functional form as in eq. (2); thus
the value of the inferred coefficient largely depends on which
quantity one uses to extract to the KPZ prediction, either the
spin auto-correlation or its variance.
nian for a chain of size L+ 1
Hˆ = J
L/2∑
n=−L/2
~ˆ
Sn · ~ˆSn+1, (1)
with
~ˆ
Sn = (S
x
n, S
y
n, S
z
n), and Sˆ
α
n denoting spin-
1
2 opera-
tors at site n. In what follows, we set J = 1. We focus on
the spin dynamical structure factor 〈Sˆzn(t)Sˆz0 (0)〉 in the
thermodynamic limit L → ∞, at thermal equilibrium
with finite temperature T > 0 and zero magnetic field.
There is now ample numerical evidence that the struc-
ture factor at late times t  1 follows the KPZ scaling
form
〈Sˆzn(t)Sˆz0 (0)〉 '
χ
(λKPZ t)2/3
fKPZ
(
n
(λKPZ t)2/3
)
, (2)
where χ =
∑L/2
n=−L/2〈Sˆzn(0)Sˆz0 (0)〉 is the static spin sus-
ceptibility, fKPZ is the KPZ scaling function [74, 75],
and λKPZ is the KPZ constant : a temperature and
model-dependent coupling parameter of the emergent
KPZ equation describing the hydrodynamics of the spin
field. The exponent 2/3 can be extracted from GHD via a
self-consistent argument [31–33], but the scaling function
and λKPZ cannot. Moreover, the framework of nonlinear
fluctuating hydrodynamics [76, 77], which has been used
to derive KPZ equations in other contexts, does not ap-
ply straightforwardly in this situation.
Recent numerical results [62], supplemented by the-
oretical arguments of refs. [34, 35], have presented evi-
dence that the same universal KPZ scaling also occurs
at finite temperatures in classical integrable spin chains
invariant under SO(3) rotations, whose continuum long-
wavelength theory is governed by the Landau-Lifshitz
(LL) equation
∂t~S = Jcl ~S × ∂2x~S, (3)
where ~S ≡ ~S(x, t) is a classical spin field of unit length
|~S| = 1 on the continuum line x ∈ R. In this light,
it is reasonable to expect that such emergent behavior
is a manifestation of a quantum-classical correspondence
where certain degrees of freedom in the quantum chain
are intrinsically classical in nature and behave according
to (3), as proposed, e.g., in Ref. [34].
Here, we isolate the excitations relevant for KPZ dy-
namics. Since these turn out to be bound states of ele-
mentary magnonic excitations whose size and quantum
numbers diverge as the local magnetization vanishes, we
dub them “giant quasiparticles”. Our picture, combined
with simple kinetic arguments, yields quantitative pre-
dictions for the λKPZ, and elucidates how a finite ther-
mal density of giant quasiparticles in the spectrum of the
quantum chain leads to a thermal gas of classical solitons
of the Landau-Lifshitz field theory (3).
Computing the KPZ constant . The KPZ cou-
pling constant of the quantum Heisenberg model can be
computed from the following procedure. First, we con-
sider a thermal Gibbs state with the addition of a small
magnetic field 2h, which introduces the additional term
−2hT∑i Sˆzi to Hˆ. Given that the model (1) is inte-
grable, spin dynamics splits into two channels; a ballis-
tic piece with spectral (Drude) weight vanishing at zero
field, and a diffusive part with spin diffusion constant
diverging as D(h) = D0/h in the h → 0 limit [32, 33].
Both transport coefficients admit closed-form expressions
as sums over quasiparticles, labelled by a discrete la-
bel s ≥ 1 (pertaining to the quantized magnetization
of magnon excitations) and a continuous rapidity label
θ ∈ (−∞,∞) which parametrizes their quasimomenta
ps(θ). The spin diffusion constant assumes a spectral
decomposition [32, 52, 78, 79]
D =
∑
s≥1
∫ ∞
−∞
dθDs(θ), (4)
which we will use below to determine D0.
The second step of our procedure consists of regu-
larizing the divergence of D(h) by accounting that the
net magnetization observed by a quasiparticle that has
3traveled a distance ` is not precisely zero, but instead
has a residual value h(`) set by thermal magnetization
fluctuations over the scale `. As noted previously in
Ref. [31], the motion of the giant quasiparticles that dom-
inate spin transport is primarily diffusive, so ` is itself
self-consistently set by h(`). These equations relating `
and h(`) now permit for a quantitative analysis of su-
perdiffusion in terms of D0 = limh→0+ hD. For h  1,
this can be though of as the effective field originating
from thermal fluctuations, namely h2 = m2/(4χ)2, with
m2 the local spin susceptibility in a interval of size `,
m2 = 4χ/`. We then infer h = 1/
√
4χ`, and the length-
scale ` can be fixed self-consistently at small, finite h by
`2 = 2D t = 2D0
√
4χ` t. This yields ` = (2D0
√
4χt)2/3,
and combining gives finally
D(t) = 25/3D
4/3
0 χ
2/3t1/3 + . . . (5)
This simple argument already suffices to predict anoma-
lous diffusion with dynamical exponent z = 3/2. Re-
markably, it also predicts the value of the prefactor. Even
though such an approach is arguably heuristic, we wish
to emphasize that a similar argument correctly predicts
the exact form [31] of the diffusion constant (4) for the
easy-axis XXZ spin chain, which has been computed by
other means [32, 52, 78, 79], so it should be taken seri-
ously. To extract λKPZ defined in eq. (2), we compare the
variance of the spin profile σ2 to the variance computed
from the KPZ prediction (2). At any finite t there is a fi-
nite (diverging) diffusion constant D(t) ∼ t1/3, which we
can define in terms of the spin variance as σ2 = χ2D(t)t.
This readily implies that the full temperature-dependent
KPZ constant λKPZ ≡ λKPZ(T ) is given by
λKPZ(T ) = 4D0(T )
√
χ(T )/σ
3/2
KPZ. (6)
Here σ2KPZ is the variance of the KPZ function σ
2
KPZ =∫
du u2fKPZ(u) ≈ 0.510523. Let us stress again that the
above argument does not predict the KPZ scaling func-
tion, but it does fix λKPZ as a function of temperature.
Giant quasiparticles as classical soft solitons.
Our central result is the explicit form (6) for λKPZ in
terms of parameter D0(T ). Now we explain how to ex-
plicitly compute it. The following calculation also demys-
tifies the nature of the “giant quasiparticles” responsible
for superdiffusion: following previous work [31–33] we
anticipate that these are semiclassical quasiparticles car-
rying large amount of spin s ∼ 1/h, i.e., macroscopically
large bound states of magnons which belong to the low-
energy spectrum of the Heisenberg chain. Such states,
first described in Refs. [80, 81], have received a great deal
of attention in the study of gauge-string dualities [82–86].
As explicitly shown in [87, 88], semiclassical eigenstates
manifest themselves (at the classical level) as solutions
to the continuum Landau-Lifshitz model [89].
Our objective here is however not to describe individ-
ual classical spin-field configurations but rather find a
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FIG. 2. Left : Log-Log plot of the λKPZ computed from
tDMRG numerical simulations in a Heisenberg chain at infi-
nite temperature T = ∞, minus our theoretically predicted
value λKPZ(T =∞) = 1.9265 . . ., as function of the numerical
simulation times t (in unit of spin coupling J). Dashed gray
line represents t−1/3. Right : Spin auto-correlation as func-
tion of time multiplied by t2/3. Convergence to KPZ scaling
is reached at t ∼ O(10) for all considered temperatures T .
classical interpretation for the giant quasiparticles im-
mersed in a thermal background. To this end, we identify
an appropriate semi-classical limit directly at the level of
the thermodynamic Bethe ansatz (TBA) equations. We
shall see that this will lead us directly to the classical
counterpart of the GHD equations where, remarkably,
the small magnetic field h will play the role of an effec-
tive Planck constant. With this in mind, we introduce a
rescaled rapidity u = θh and rescaled quasiparticle mag-
netization ξ = s h. In the limit h → 0+, we can convert
the sum over s in eq. (4) into an integral, in this way
obtaining a fully classical expression for D0 ≡ Dcl0 , with
Dcl0 =
∫ +∞
0
dξ
∫ +∞
−∞
duD(ξ, u), (7)
and where D(ξ, u) = limh→0+ 1hDξ/h(u/h) is a finite
quantity: D0 is thus fully determined by quasiparticles
with s→∞ in the limit h→ 0+, with ξ = s h kept fixed.
Next, we consider the scattering phase shifts between
two quasiparticles with spin indices s and s′ with relative
rapidity θ. Here we quote the result of [90, 91], Ts,s′(θ) =
(1 − δss′)a|s−s′|(θ) + 2a|s−s′|+2(θ) + · · · + 2as+s′−2(θ) +
as+s′(θ), with as(θ) ≡ 12pi∂θps(θ) = 12pi 4ss2+4θ2 . Upon
rescaling of parameters θ → u/h and s → ξ/h, the net
phase shift of all the constituent magnons can be re-
summed into an integral Ts,s′ =
∫ h(s+s′)
h|s−s′|
dζ
2pi
4ζ
ζ2+4u2 , up
to O(h) corrections. This readily provides an effective
scattering kernel for the giant quasiparticles T giantξ,ξ′ (u) =
limh→0+ Tξ/h,ξ′/h (u/h), reading explicitly
T giantξ,ξ′ (u) =
1
pi
log
4u2 + (ξ + ξ′)2
4u2 + (ξ − ξ′)2 . (8)
In this expression one can recognize the scattering ker-
nel – the differential scattering phase of the two-body
4S-matrix – ascribed to an elastic collision of two Landau-
Lifshitz solitons [89, 92] characterized by pairs of action
variables (u1, ξ) and (u2, ξ
′) with u = u1−u2. All the re-
maining thermodynamic state functions pertaining to the
giant quasiparticles can be obtained in a similar manner
by rescaling the analogous quantities in the Heisenberg
chain. We will need the following standard TBA con-
cepts: an equilibrium state is uniquely characterized by
a density ρs(θ) of quasiparticles with quantum numbers
(s, θ), the available density of states ρtots (θ) and the as-
sociated Fermi filling fractions ns(θ) ≡ ρs(θ)/ρtots (θ). Fi-
nally, interactions “dress” the group velocity and magne-
tization (along with other local charges) carried by quasi-
particles; we denote these veffs (θ) and m
dr
s (θ) respectively.
Writing the Fermi filling functions of the quasiparticles
as ns(θ) = (1+ηs(θ))
−1, we have ηξ/h(u/h)→ η(ξ, u)/h2,
implying vanishing occupations ns ∼ h2η−1(ξ, u) and
emergent classical statistics for these modes. The
rescaled ratio η(ξ, u) is interpreted as a Boltzmann weight
which obeys a two-dimensional Fredholm-type integral
equation [93]
log η(ξ, u) = 2 log h+ 2ξ − h
T
egiant(ξ, u)
+
∫ +∞
0
[dξ′]h
∫ +∞
−∞
dv T giantξ,ξ′ (u− v)[η(ξ′, v)]−1,
(9)
where we have introduced a regularized integral∫ +∞
0
[dξ]hg(ζ) ≡
∫ +∞
0
dζg(ξ) − h2 limξ→0+ g(ξ) for any
function g(ξ) and bare energy egiant(ξ, u) = 2ξ/(ξ2+4u2).
Equation (9) can be interpreted as a semiclassical TBA
equation for a finite-density soliton gas. Analogous in-
tegral equations, albeit without a regulator, have previ-
ously appeared in the context of classical thermodynamic
soliton gases [94–102]. We note however that eq. (9) only
governs a particular scaling regime of classical “soft soli-
tons” with low energy and large width.
Before we proceed with solving eq. (9), we owe to clar-
ify an important subtlety. Even though we are eventually
only interested in the solution at h = 0, the limit h→ 0+
can be taken only after solving (9), as h acts as a cut-
off in the integral over the solitons’ charge ξ. Similar
integral equations can be also written for the densities
of quasiparticles ρtotξ/h(u/h) → h2ρtot(ξ, u), the dressed
rapidity-derivative of energy of the quasiparticle excita-
tions ε′ξ/h(u/h) = h
3ε′(ξ, u), and the dressed magnetiza-
tion mdrξ/h(u/h) = h
−1mdr(ξ, u) [93]. The dressed magne-
tization diverges as h−1 in the h→ 0+ limit, while the ve-
locity veffξ/h(u/h) = ε
′
ξ/h(u/h)/(2piρ
tot
ξ/h(u/h)) vanishes as
∼ h. It is also straightforward to check that these expres-
sions are consistent with D(ξ, u) = limh→0+ 1hDξ/h(u/h)
converging to a finite function.
In the limit of infinite temperature, T = ∞, depen-
dence on parameter u drops out of equation (9), which
enables us to solve it exactly [97]. We find η(ξ, u) =
sinh2(ξ + h), in agreement with rescaling the exact an-
alytical solution of the TBA equations at infinite tem-
perature for the quantum chain [91]. Using this result,
all other thermodynamic functions can also be obtained
in a closed form, yielding D0(T → ∞) = 5pi/27 [93].
From equation (6) we thus deduce that λKPZ(T =∞) =
10pi/(27σ
3/2
KPZ) ≈ 1.9265 . . .
Numerical results. Solving the semi-classical TBA
equation (9) at finite temperature T is numerically chal-
lenging; in practice it is more convenient to solve the
original quantum TBA equations and afterwards take the
limit D0 = limh→0+ hD(h) numerically. We compared
our predictions to tDMRG calculations, see Fig. 1 and
[93] for additional numerical data, by evolving a finite-
temperature state [103], with fixed maximal bond dimen-
sion equal to 800 and system size L = 140 and com-
puting the dynamical structure factor (DSF) Cn(t) =
〈Sˆzn(t)Sˆz0 (0)〉T at finite temperature T . Despite entan-
glement entropy growing linearly in time, we carry out
computation up to times t ∼ 50J and estimate the max-
imal error by comparing values of different observables.
In particular we extract the value of λKPZ at finite time
by considering (given eq. (2)): the auto-correlation,
via λtDMRGKPZ (t) = (t
2/3C0(t)/(χfKPZ(0)))
−3/2, the vari-
ance σ2(t) =
∑L/2
n=−L/2 n
2Cn(t), via λ
tDMRG
KPZ (t) =
(t−4/3σ2(t)/(χσ2KPZ))
3/4 and the mean of the absolute
value µ(t) =
∑L/2
n=−L/2 |n|Cn(t) via similar relation. In
the limit t → ∞, all these values are expected to be
equal and identify to λKPZ. At the finite times accessible
by the numerical simulation, we find an expected slow
convergence towards the theoretically predicted value of
λKPZ, with corrections of order t
−1/3, consistently with
other dynamical systems in the KPZ universality class
[104, 105] (Fig. 2).
We find good agreement with our prediction (6), es-
pecially at high temperature (Fig. 1). At lower temper-
atures, however, various numerical estimators for λKPZ
show some discrepancy, indicating that on the accessi-
ble time-scale the dynamical correlations have not yet
relaxed sufficiently close to the asymptotic KPZ scaling
form (2). We moreover observe that λKPZ →∞ with de-
creasing temperature, suggesting that the classical KPZ
dynamics only becomes valid on increasingly large spatio-
temporal scales, whereas on shorter scales one can expect
Luttinger liquid ballistic dynamics [106, 107] and spinon
physics [108].
Conclusion . We have traced the microscopic ori-
gin of anomalous spin transport in the quantum Heisen-
berg spin-1/2 chain to the presence of giant quasiparticle
eigenstates in its spectrum. These states admit a purely
classical interpretation as a thermal gas of soft classical
solitons of the isotropic Landau-Lifshitz equation. We
established an explicit correspondence through the semi-
classical scaling limit of the thermodynamic Bethe ansatz
equations. The Fermi factors of such giant quasiparticles
5are vanishingly small so they become effectively classical.
Our analysis unifies the complementary pictures of
KPZ superdiffusion: the generalized hydrodynamics ap-
proach of Refs. [31, 32], and the effective theory of
Ref. [34] which seemingly evades the conventional GHD
description. In the language of GHD, one divides a sys-
tem up into hydrodynamic cells of some fixed size, and
constructs a thermal state within each cell. To construct
such a state, one must specify both a “pseudovacuum”
(i.e., a unit vector on the sphere which sets the direc-
tion of the net magnetization) and a quasiparticle dis-
tribution above this pseudovacuum. Ref. [34] postulated
a Landau-Lifshitz dynamics for long-wavelength spatial
fluctuations of this pseudovacuum, arguing it cannot be
captured by GHD modes. However, in light of our analy-
sis, the distinction between such “pseudovacuum fluctua-
tions” and quasiparticles is only superficial as is depends
on the cut-off: pseudovacuum fluctuations are nothing
but giant quasiparticles that extend beyond the scale of
a hydrodynamic cell, and can indeed be described within
GHD. With that, we confirm the previous suggestion [34]
that superdiffusion in the Heisenberg spin chain is due
to low-energy degrees of freedom that obey an emergent
Landau-Lifshitz equation; the quantum and classical sys-
tems share the same hydrodynamic description in terms
of a stochastic Burgers (or equivalently KPZ) equation.
Our explicit derivation provides the microscopic input for
the KPZ equation, permitting to determine the tempera-
ture dependence of its coupling constant (in good agree-
ment with numerical results); moreover, it establishes the
universal nature of the low-energy solitons that cause su-
perdiffusion. We expect the explicit mapping to a classi-
cal model to enable efficient numerical simulations that
should quantitatively address important questions such
as the fate of superdiffusion away from strict integrabil-
ity, see [35].
Our results can be straightforwardly generalized to
other integrable spin/charge models where KPZ scaling is
also expected, including the spin-S integrable chains, in-
tegrable models of higher-rank symmetry [64] and Fermi-
Hubbard chains [30]. A separate interesting direction for
future work would be to understand the crossover from
Luttinger liquid physics to KPZ dynamics at low tem-
perature.
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I. SPIN DIFFUSION CONSTANT
A. Kinetic theory derivation of the spin diffusion constant
We first recall how one can compute the spin diffusion constant in the gapped regime ∆ ≥ 1 of the anisotropic XXZ
spin chain
H =
L/2∑
n=−L/2
(SˆxnSˆ
x
n+1 + Sˆ
y
nSˆ
y
n+1 + ∆Sˆ
z
nSˆ
z
n+1), (1)
using a kinetic picture based on thermal fluctuations of the dressed magnetization. We follow the approach of Ref.1,
generalized to finite temperature. In the presence of a small magnetic field h, the variance of the spin-structure factor
is scaling ballistically with the Drude weight2,3
σ2 ≡
L/2∑
n=−L/2
n2〈Szn(t)Sz0 (0)〉 = t2
∑
s
∫
dθρs(θ)(1− ns(θ))(veffs (θ)mdrs (θ))2. (2)
As h → 0 (or half-filling, in the equivalent fermionic language), the dressed magnetization vanishes, giving rise to
normal spin diffusion. To see this, we write down the effective dressed magnetization felt by a (s, θ)-quasiparticle
propagating with an effective velocity veffs (θ),
(mdrs (θ))
2 =
1
2
∂2h(m
dr
s )
2
∣∣
h=0
h2 + . . . , (3)
where h2 can be though of as the effective field originating from thermal fluctuations:
h2 =
1
(4χ)2
m2 =
1
4χ|veffs (θ)t|
. (4)
Here we have taken the fluctuations
m2 =
〈(1
`
n0+`∑
n=n0
σzn
)2〉
=
4χ
`
, (5)
over a distance ` = |veffs (θ)t|, and the factor of 4 in front of χ is to match the usual Bethe Ansatz notation. This
yields
σ2 = t
∑
s≥1
∫
dθρs(θ)(1− ns(θ))
∣∣veffs (θ)∣∣ 18χ ∂2h(mdrs )2∣∣h=0 . (6)
To identity the diffusion constant, we note that the variance of the spin structure factor should scale as σ2 = χ2Dt.
We thus get
D =
∑
s≥1
∫
dθρs(θ)(1− ns(θ))
∣∣veffs (θ)∣∣ 116χ2 ∂2h(mdrs )2∣∣h=0 . (7)
2Introducing the filling factor ν = 4m = 4χh, this can in turn be rewritten as
D =
∑
s≥1
∫
dθρs(θ)(1− ns(θ))
∣∣veffs (θ)∣∣ ∂2ν(mdrs )2∣∣ν=0 . (8)
This simple argument predicts a diffusion constant in agreement with other approaches4,5. The argument used in the
main text to derive the KPZ coupling λKPZ is similar, and relies on the same physical assumptions. This expression
for the diffusion constant is valid for ∆ ≥ 1, and diverges in the isotropic limit ∆→ 1.
B. “Magic formula” and curvature of the Drude self-weight
The formula (8) derived above agrees with the general expression derived from thermal form factors in Refs.4,6,
combined with the “magic formula” of Ref.5. This simplified expression is strictly valid in the XXZ spin chain with
∆ > 1 and at the isotropic point ∆ = 1, in the absence of magnetic field (h = 0). At the isotropic point, this predicts
a divergence D = D0/h with a coefficient D0 that evaluate in the main text (see also below), with D0 =
5pi
27 at infinite
temperature. Here we note that this limit is rather subtle: for example, eq. (8) has been interpreted in Ref.5,7 as the
curvature of the “Drude self-weight”
D˜ =
1
16χ2
lim
h→0
∂2
∂h2
∑
s≥1
∫
dθρs(θ)(1− ns(θ))
∣∣veffs (θ)∣∣ (mdrs )2. (9)
This expression differs from eq. (8) only from the derivatives being taken outside of the sum over strings (and the
integral over rapidity). While those two expressions agree in the case where the diffusion constant is finite, we find
that D˜ is only a lower bond to D at the isotropic point. In particular, it is easy to show that it diverges as
D˜ = D˜0/h, (10)
as h→ 0 with
D˜0 =
4
pi
∫ ∞
0
dx
(−1 + x cothx)2(1 + x cothx)
x2 sinh2 x
≈ 0.465218. (11)
at infinite temperature. We see that D˜0 < D0 = 5pi/27 at infinite temperature.
Evidently extracting the precise nature of the divergence of the diffusion constant as h → 0 is rather subtle. To
check the validity of the expression (8), we go back to the full expression of the diffusion matrix derived in Refs.4,6.
Using the notations of Ref.4, the DC matrix is given by
DC = R−1ρtotD˜n(1− n)R−1, (12)
where C is the susceptibility matrix. Evaluating this expression for the spin ms = s gives
[DC]spin = (m,DCm) =
∑
s
∫
dθρs(θ)(1− ns)(mdrs )2ws(θ) + . . . (13)
where
ws(θ) = lim
smax→∞
smax∑
s′=1
∫
dαρs′(α)(1− ns′)|vs(θ)− vs′(α)|(T dr(θ, α)s,s′/ρtots (θ))2, (14)
in terms of the dressed kernel T dr. The dots in (13) correspond to off diagonal terms that can be argued to vanish
as h → 04. For the XXZ spin chain (∆ > 1) as h → 0, the sum over s is pushed to larger and larger s due to the
vanishing term (mdrs )
2. Since w∞ is well defined at any θ, we have
[DC]spin = w∞
∑
s
ρs(1− ns)(mdrs )2 = w∞χ, (15)
so the diffusion constant is given by w∞.
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FIG. 1: Plot of the spin diffusion constant at infinite temperature, computed from equation (13) as the external field is lowered
to zero and for different maximal string number smax. In the limit smax →∞ the value limh→0Dh = 5pi/27 (22) (blue line) is
recovered.
However, we remark that this limit is not defined in the XXX model since there is no convergence for any θ  1.
So the correct diffusion formula in this case is
[D]spin = χ
−1 lim
smax→∞
smax∑
s=1
∫
dθρs(θ)(1− ns)(mdrs )2ws(θ) +O(h), (16)
with
χ =
∑
s
∫
dθρs(θ)(1− ns)(mdrs )2, (17)
where the O(h) terms come from off-diagonal elements of the diffusion matrix, that should vanish in the zero field
limit. We have evaluated this formula numerically for finite h and finite smax (see Fig. 2), and found a divergence
of the diffusion constant compatible with D = D0/h and D0 = 5pi/27 at infinite temperature, as predicted from the
simplified formula (8).
II. SEMICLASSICAL THERMODYNAMICS BETHE ANSATZ EQUATIONS FOR THE GIANT
QUASIPARTICLES
Consider now the isotropic Heisenberg chain, with the addition of external magnetic field −2hT∑i Sˆzi . In the limit
h → 0, the spin diffusion constant diverges as D = D0/h in a thermal Gibbs ensemble at finite temperature T . Our
aim is to extract the thermodynamic quantity D0. We begin with the spectral resolution
D =
∑
s≥1
∫
dθDs(θ), (18)
where
Ds(θ) =
1
(4χ)2
ρs(θ)(1− ns(θ))|veffs (θ)|∂2h(mdrs (θ))2. (19)
4In terms of rescaled variables ξ = sh and u = sθ, we find at small h
D =
2
h
∑
ξ/h≥1
∫ ∞
0
duDξ/h(u/h), (20)
and we have the following well-defined limit
D0 = 2
∫ ∞
0
dξ
∫ ∞
0
du lim
h→∞
1
h
Dξ/h(u/h) = 2
∫ ∞
0
dξ
∫ ∞
0
duD(ξ, u). (21)
Using the known analytical expressions of the TBA functions ρs(θ), ns(θ), v
eff
s (θ) = ε
′
s(θ)/(2piρ
tot
s (θ)) and m
dr
s (θ) for
the infinite temperature Gibbs state, for example written in Ref. 8 and reported below, we find
D0(T →∞) = 1
2
∫ ∞
0
dξ
∫ ∞
0
du
32uξ4
(sinh ξ)2
(−4u2 + ξ (4u2 + ξ2) coth ξ + 3ξ2)
9pi (4u2 + ξ2)
3
1
(2χ)2
, (22)
=
∫ ∞
0
dξ
(
2ξ
sinh ξ
)2
(ξ(coth ξ) + 1)
9pi
=
5pi
27
. (23)
This expression, valid at infinite temperature, is an exact prediction. Although we have obtained it here by rescaling
the known solution of the TBA equations for the Heisenberg quantum chain, we show in the following that coefficient
D0 can be expressed in terms of rescaled thermodynamic quantities for arbitrary temperature, namely
D0 =
1
(4χ)2
∫ ∞
0
dξ
∫ ∞
−∞
du ρ(ξ, u)|veff(ξ, u)|(∂2hmdr(ξ, u))2, (24)
where functions appearing in the integrand can be determined from the TBA integral equations. We show, later on,
that the resulting rescaled TBA equations pertain to a particular regime of low-energy soliton modes of the isotropic
Landau–Lifshitz ferromagnet.
A. TBA functions of the Heisenberg chain at infinite temperature
The expression of the infinite-temperature TBA functions
ρs(θ), ns(θ) =
1
1 + ηs(θ)
, veffs (θ) =
ε′s(θ)
2piρtots (θ)
, mdrs (θ), (25)
for the isotropic Heisenberg spin-1/2 chain in an external magnetic field −2hT∑i Sˆzi with h > 0 are reported, for
example, in Ref.8. Here we spell them all out for completeness:
ηs(θ) =
sinh(hs+ h)2
sinh(h)2
− 1, (26)
ρs(θ) =
2
pi
sinh4 h
sinh(2h)) sinh(h(s+ 1))
(
s
(4θ2 + s2) sinh(hs)
− (s+ 2)
(4θ2 + (s+ 2)2) sinh(h(s+ 2))
)
, (27)
ρtots (θ) =
2
pi
sinh(h)
sinh(2h) sinh(h(s+ 1))
(
s
(4θ2 + s2) sinh(hs)
− (s+ 2)
(4θ2 + (s+ 2)2) sinh(h(s+ 2))
)
, (28)
ε′s(θ) = 16θ
sinh(h) sinh(h(s+ 1))
sinh(2h)
(
s
(4θ2 + s2)
2
sinh(hs)
− (s+ 2)
(4θ2 + (s+ 2)2)
2
sinh(h(s+ 2))
)
, (29)
mdrs (θ) =
sinh(h(s+ 1))((s+ 1) cosh(h(s+ 1))− coth(h) sinh(h(s+ 1)))
sinh2(h(s+ 1))− sinh2(h) . (30)
5B. The regulator: converting the quasiparticle sum into an integral
In taking the h → 0 limit, we convert the sums over quasiparticles of the form ∑s≥1 fs into integrals using the
rescaling s→ ξ/h, ∑
s≥1
fs =
∞∑
ξ=sh=h
fξ/h. (31)
For small h we find, using the Euler-MacLaurin formula to leading order
∞∑
ξ=h
fξ/h =
1
h
∫ ∞
0
dξf(ξ)− f(0)
2
+O(h) ≡ 1
h
∫ ∞
0
[dξ]hf(ξ), (32)
where we where we assumed f(∞) = 0 and we defined the regularized integral∫ ∞
0
[dξ]hf(ξ) ≡
∫ ∞
0
dξf(ξ)− h
2
lim
ξ→0+
f(ξ), (33)
with
f(ξ) = lim
h→0
fξ/h. (34)
The “regularization” (32) is important to ensure the consistency of the semiclassical TBA equations which we derive
below. As we subsequently demonstrate, in the context of classical soliton scattering theory, it plays the role of a
quantum correction.
C. Semiclassical TBA equation
Infinite temperature. Let us first restrict our consideration to the infinite temperature Gibbs state. The TBA
equation for the functions ηs(θ), related to the Fermi occupation functions via ns(θ) = 1/(1 + ηs(θ)), reads
log ηs(θ) = 2sh+
∑
s′
∫
dθ′Ts,s′(θ − θ′) log(1 + 1/ηs′(θ′)). (35)
The expression for the scattering kernel Ts,s′ can be found in the main text. By rescaling rapidities θ = u/h, θ
′ = v/h,
the integral kernel takes the form
Ts,s′((u− v)/h) =
s+s′−2∑
a=|s−s′|+2
h
4ah
pi((ah)2 + 4u2)
=
∫ ξ+ζ
h|s−s′|=|ξ−ζ|
da˜
2
4
pi
a˜
a˜2 + 4u2
=
1
pi
log
4u2 + (ξ + ζ)2
4u2 + (ξ − ζ)2 . (36)
discarding O(h) corrections. Note that the increment of the sum over a equal 2. We refer to the result as the scattering
kernel of the giant quasiparticles
T giantξ,ξ′ (u) =
1
pi
log
4u2 + (ξ + ξ′)2
4u2 + (ξ − ξ′)2 . (37)
We furthermore define the rescaled η-functions
ηs=ξ/h(θ = u/h)→ η(ξ, u)/h2. (38)
As h→ 0, the TBA equations can be written in the form
log η(ξ, u)− 2 log h = 2ξ +
∫ ∞
0
dξ′
∫ ∞
−∞
dv T giantξ,ξ′ (v − v′)η−1(ξ′, v)−
h
2
lim
ξ′→0+
∫ ∞
−∞
dv T giantξ,ξ′ (v − v′)η−1(ξ′, v). (39)
Taking into account that η(ξ, u) does not depend on u in the limit of infinite temperature, we can perform the integral
over v, ∫
dv T giantξ,ξ′ (u− v) = ξ + ξ′ − |ξ − ξ′| = 2min[ξ, ξ′], (40)
6yielding a simple infinite-temperature TBA equation for η(ξ) pertaining to the giant quasiparticles
log η(ξ)− 2 log h = 2ξ +
∫ ξ
0
dξ′
2ξ′
η(ξ′)
+
∫ ∞
ξ
dξ′
2ξ
η(ξ′)
− h
2
lim
ξ′→0+
2ξ′
η(ξ′)
. (41)
A similar equation has appeared in the context of the solitons (breathers) of the classical sine-Gordon equation9.
Following this reference, we differentiate twice with respect to ξ to obtain a differential equation
(η′/η)′ = −2/η, (42)
which is in turn solved by an ansatz η(ξ) =
(
sinh(Aξ+B)
A
)2
for appropriate constants A and B. By substituting this
expression for η(ξ) in eq. (61) we find∫ ξ
0
dξ′
2ξ′
η(ξ′)
+
∫ ∞
ξ
dξ′
2ξ
η(ξ′)
− h
2
lim
ξ′→0+
2ξ′
η(ξ′)
= −2Aξ − 2 log sinhB + 2 log sinh(Aξ +B)− h
2
lim
ξ′→0+
2ξ′
η(ξ′)
, (43)
which implies A = 1, B = arcsinh(h). Therefore, we find, at infinite temperature and for h 1, the following result
η(ξ) = sinh2(ξ + h). (44)
This indeed agrees precisely with the scaling limit of the exact solution for ηs(θ) in the quantum spin chain at
infinite temperature, given by eq. (26). Note that
lim
ξ→0+
2ξ
η(ξ)
= 0, (45)
so there is no additional correction entering when converting the quasiparticle sum to an integral over ξ′ using the
regularization prescription (32).
Finite temperature. The above procedure likewise applies at any temperature T , where the rescaled TBA equations
take the form
log η(ξ, u)− 2 log h = 2ξ − h
T
egiant(ξ, u) +
∫ ∞
0
dξ′
∫ ∞
−∞
dv T giantξ,ξ′ (v − v′)η−1(ξ′, v), (46)
with bare energy of giant quasiparticles
egiant(ξ, u) =
2ξ
ξ2 + 4u2
. (47)
The solution to this equation is now rapidity-dependent in general, and we expect temperature to enter the part that
regulates the integrals at small ξ′. More specifically, we expect that for small ξ′, η(ξ′, v) ' sinh2(ξ′ + heh/Tf(v)) which
will produce a factor log h+ h/Tf(v) upon integration over ξ′.
D. Free energy and spin susceptibility of giant quasiparticles
A closed formula for the free energy of the quantum spin chain, valid in any local equilibrium state, reads
−f/T =
∑
s≥1
∫
dθ
2pi
4s
s2 + 4θ2
log(1 + 1/ηs(θ)). (48)
With the same rescaling of variables as above, we obtain the following contribution of the giant quasiparticles
−fgiant/T = 2h
pi
∫ ∞
0
[dξ]h
∫ ∞
−∞
du
ξ
ξ2 + 4u2
1
η(ξ, u)
. (49)
At infinite temperature, where we have η(ξ) = sinh(ξ + h)2, we find
−fgiant/T = h
∫ ∞
0
[dξ]h
1
η(ξ)
= h
(
cothh− 1− h
2
1
sinh2 h
)
. (50)
7In the limit h→ 0 this gives −fgiant/T = 1/2, which is less than the full value −f/T = log 2. This indicates that the
giant quasiparticles do not fully saturate the value of the free energy, and there are also contributions from ‘small’
bound magnons with bare magnetization s ∼ O(1), namely
f = fsmall + fgiant. (51)
Interestingly however, spin susceptibility at half filling comes solely from the latter contribution to free energy. We
can indeed show that we have at infinite temperature and h→ 0
χ ≡ χgiant = −1/(4T )∂2hfgiant =
1
4
, (52)
This shows, in contrast to the free energy, that the contribution of small quasiparticles entirely vanishes as h→ 0.
E. Semiclassical dressing equations for energy and momentum
Other types of integral (dressing) equations in the TBA formalism which admit analogous semiclassical forms. For
example, the Bethe equation for the total density of states in the quantum chain reads
ρtots (θ) = as(θ)−
∑
s′
∫
dθ′ Ts,s′(θ − θ′)ns′(θ′)ρtots (θ′), (53)
with the source term now given by the rapidity derivative of the bare momentum ps(θ),
as(θ) ≡ 1
2pi
∂ps(θ)
∂θ
=
1
2pi
4s
s2 + 4θ2
. (54)
Introducing the rescaled density of state,
ρtots=ξ/h(θ = u/h)→ h2ρtot(ξ, u), (55)
and using the proper regularization of the integral (32) over ξ′, we have
ρtot(ξ, u) =
1
h
1
2pi
4ξ
ξ2 + 4u2
−
∫ ∞
0
[dξ′]h
∫ ∞
−∞
dv T giantξ,ξ′ (v − v′)η(ξ′, v)−1ρtot(ξ′, v). (56)
This integral equation implies the following relation
lim
h→0
h
∫ ∞
0
[dξ′]h
∫
dv
1
pi
log
4(u− v)2 + (ξ + ξ′)2
4(u− v)2 + (ξ − ξ′)2 η(ξ
′, v)−1ρtot(ξ′, v) =
1
2pi
4ξ
ξ2 + 4u2
. (57)
To verify that this integral equation is consistent with the rescaled thermodynamic functions of the quantum chain,
we have checked numerically and analytically that this equation is satisfied at infinite temperature by the rescaled
quantities η(ξ′) = sinh2(ξ′ + h) and ρtot(ξ′, v) = 2(−4v2 + ξ′2 + 4v2ξ′ coth ξ′ + ξ′3 coth ξ′)/(pi(4v2 + ξ′2)2), where the
latter has been obtained by expanding the exact expression (28) for ρtotξ/h(u/h) at small h.
The derivative of the dressed energy, ε′s(θ), satisfies an integral equation analogous to eq. (53) with the bare energy
derivative as the source term, i.e. function pia′s(θ). In the scaling regime, the latter behaves as h
2 as h→ 0. Putting
ε′s(θ) = h
3ε′(ξ, u), we find
lim
h→0
h
∫ ∞
0
[dξ′]h
∫
dv
1
pi
log
4(u− v)2 + (ξ + ξ′)2
4(u− v)2 + (ξ − ξ′)2 η(ξ
′, v)−1ε′(ξ′, v) = − 16uξ
(4u2 + ξ2)2
. (58)
It is straightforward to verify, see eq. (29), that this equation is also satisfied by the infinite-temperature solution
ε′(ξ, v) = −16v−4v
2 + 3ξ2 + 4v2ξ coth ξ + ξ3 coth ξ
(4v2 + ξ2)3
. (59)
We re-emphasize the importance of keeping the parameter h finite before carrying out integration, as it regulates
the divergence of the integral over ξ′ stemming from the divergent factor η−1(ξ, u) ∼ 1/ξ2. We stress moreover
that the proper regularization of the integral in eq. (56) is crucial to guarantee consistency with the the rescaled
thermodynamic functions of the quantum chain in the limit of infinite temperature.
8F. Semiclassical equation for the dressed magnetization
Finally, we spell out the rescaled equation for the dressed magnetization. This one is somewhat simpler as the source
term is simply given by s (bare magnetization), and now mdrs/h scales as 1/h for small h. At infinite temperature, we
can integrate over the rapidity variable to find
mdr(ξ) = ξ −
∫ ξ
0
dξ′
2ξ′
η(ξ′)
mdr(ξ′)−
∫ ∞
ξ
dξ′
2ξ
η(ξ′)
mdr(ξ′). (60)
Differentiating twice and using that at infinite temperature η(ξ) = sinh2 (ξ + h), we arrive at the following differential
equation
∂2ξm
dr =
2
sinh2 ξ
mdr, (61)
whose solution reads mdr(ξ) = ξtanh ξ − 1, in agreement with the result obtained by rescaling the analytical solution
given by eq. (30).
III. THERMODYNAMIC SOLITON GAS AND QUANTUM-CLASSICAL CORRESPONDENCE
This section is devoted to the continuous isotropic Landau-Lifshitz ferromagnet, which is an effective classical theory
governing the semi-classical eigenstates in the Heisenberg spin-1/2 chain. The Hamiltonian of the Landau-Lifshitz
model in an external magnetic field in the z-direction ~B = B~ez reads
HLL =
1
2
∫
dx ∂x~S(x) · ∂x~S(x) +B
∫
dx (1− Sz(x)), ~S · ~S = 1. (62)
The corresponding equation of motion
∂t~S = {~S,H} ≡ −~S × δHLL
δ~S
= ~S × ∂xx~S + ~S × ~B. (63)
is a paradigmatic example of a nonlinear completely integrable PDE. The inverse scattering method for its integration
has been developed in 10 (see also 11).
In order to integrate eq. (63) and classify the types of solutions one has to additionally prescribe the boundary
conditions for the spin field ~S(x, t). Typically one assumes non-compact space-time with ~S(x, t) decaying exponentially
into the asymptotic ferromagnetic vacuum ~S0, lim|x|→∞ ~S(x, t) = ~S0. By virtue of the global SO(3) symmetry of
Hamiltonian (62), ~S0 may indeed point to an arbitrary direction on a 2-sphere. In a finite volume, with ~S(x, t)
subjected to (quasi)periodic boundary conditions, the integration of eq. (63) requires tools of algebraic geometry.
In the non-compact case with decaying fields, the spin field ~S(x) can be decomposed in term of ‘non-linear Fourier
modes’. The spectrum comprises a discrete part of non-linear interacting waves called solitons and a continuous
spectrum of radiative modes. The finite-volume solutions on the other hand take the form of certain hyperelliptic
waves whose parameters correspond to moduli of (hyperelliptic) algebraic curves. The spectrum of nonlinear modes
decomposes into classes of finite-gap solutions, corresponding to Riemann surfaces of finite genus. Strictly speaking,
soliton mode cannot form in finite volume. They nonetheless emerge in the infinite-volume limit as a degenerate case
of an elliptic wave.
The aim of the following consideration is to obtain an integral dressing equation describing a dense gas of soliton
modes in local thermal equilibrium. Deriving hydrodynamic equation of motion for local equilibrium states from first
principles is not an easy task, and can be achieved by taking a particular type of thermodynamic scaling limit of
an ‘nearly-degenerate high-genus spectral curve’12. As we shall see, the problem simplifies quite significantly if one
retains only soliton modes.
A. One-soliton solution
By assuming asymptotic decay to S0 = S
z at infinity |x| → ∞, the simplest discrete spectrum comprises a single
mode. Physically, this describes a one-soliton solution. The soliton profile (in the absence of an external field) takes
9the form10
Sz(x, t) = 1− Az
cosh2(ϕ(x, t))
, S−(x, t) =
A−e−iφ(x,t)
cosh2(ϕ(x, t))
[
ia cosh (ϕ(x, t)) + b sinh (ϕ(x, t))
]
, (64)
with amplitudes
Az =
2b2
a2 + b2
, A− =
2b
a2 + b2
, (65)
and dynamical angles
ϕ(x, t) =
1
Γ
(x− vt+ x0), φ(x, t) = ax+ (a2 − b2)t+ ϕ0. (66)
The velocity and width of a soliton read
v = 2a, Γ =
1
b
, (67)
respectively. The one-soliton solution (64) is two-parameter family of solutions to eq. (63) characterized by quantities
a, b ∈ R. These can be understood as action variables, whereas the associated linearly-evolving phases φ(x, t) and
ϕ(x, t) are angle variables. Combining a and b into a single complex action we introduce
τ =
1
a− ib ≡ λ+ iµ, λ ∈ R, µ ∈ R+. (68)
In the new parametrization
Az =
2µ2
λ2 + µ2
, A− = 2µ, v =
2λ
λ2 + µ2
, Γ =
λ2 + µ2
µ
. (69)
The phase-space representation of the bare energy, momentum and magnetization (measured with respect to vacuum
value Sz = 1) read
E =
1
2
∫
dx ∂x~S(x) · ∂x~S(x), P =
∫
dx
Sx∂xS
y − Sy∂xSx
1 + Sz
, Qz =
∫
dx (1− Sz(x)). (70)
The charges carried by a single soliton (cf. eq. (64)) are therefore
e = e(λ, µ) =
4µ
λ2 + µ2
, p = p(λ, µ) = 4 arctan (µ/λ), qz = 4µ, (71)
respectively. This yields the following dispersion relation
e(λ, µ) =
1
µ2
sin2(p/4), (72)
and the bare velocity of propagation is
v =
∂eµ(p)
∂p
=
1
µ
sin (p/2) =
2λ
λ2 + µ2
. (73)
With the addition of the magnetic field in the z-direction of magnitude B = hcl Tcl the dispersion acquires a shift
eµ(λ;h) = e(λ, µ)− hcl Tcl qz = 4µ
λ2 + µ2
− 4hcl Tcl µ. (74)
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B. Scattering phase shift
Considering only the multi-soliton spectrum, one can introduce the notion of the many-body scattering matrix.
Indeed, owing to the underlying integrability, the n-particle S-matrix completely factorizes into a sequence of 2-particle
collisions,
S(τ1, . . . , τn) =
∏
1≤j,k≤n
S(2)(τj , τk), (75)
where we have introduced the two-particle S-matrix,
S(2)(τ, τ ′) = eiΦ(τ,τ ′). (76)
Here Φ is referred as the scattering phase, which is a function of action variables τ = λ+ iµ and τ ′ = λ′ + iµ′ of the
incident solitons. A convenient operational prescription of the scattering phase is via the time-delay that the ‘first’
soliton experiences after collision with the ‘second’ soliton13
δt(e, e′) =
∂Φ(e, e′)
∂e
. (77)
Introducing the (manifestly positive) scattering length
d(τ, τ ′) =
∣∣∣∣∂Φ(τ, τ ′)∂p(τ)
∣∣∣∣ = ∂λΦ(τ, τ ′)|∂λp(τ)| , (78)
the asymptotic position displacement δx attributed to each collision is given by
δx(τ, τ ′) = sign(v(τ)− v(τ ′))d(τ, τ ′), (79)
where, for v > v′, we have
δx(τ, τ ′) = Γ(τ) δϕ(τ, τ ′), δϕ(τ, τ ′) = log
∣∣∣∣τ − τ¯ ′τ − τ ′
∣∣∣∣2 . (80)
This readily implies
∂λΦ(τ, τ
′) = 4 δφ(τ, τ ′) = 4 log
[
(λ− λ′)2 + (µ+ µ′)2
(λ− λ′)2 + (µ− µ′)2
]
. (81)
C. Thermodynamic soliton gas
Owing to the fact that the multi-soliton dynamics realizes a completely elastic scattering theory with a fully
factorizable S-matrix14, one can make use of the Yang–Yang’s path-integral approach to thermodynamics15. The
logic parallels that of integrable quantum models such as Lieb–Liniger Bose gas of Heisenberg spin chain16,17: a
thermodynamic state is understood as a finite-density ensemble of solitons, describing O(`) excited soliton modes in
a a thermodynamically large system ` → ∞, with the condition that the averages of all local conservation laws per
unit length are kept constant. Notice that at the level of thermal averages any dependence on initial conditions (i.e.
values of the angle variables) entirely drops out.
The thermodynamic partition sum can be conveniently evaluated with the standard saddle-point technique by first
expressing it in terms of soliton action variables and subsequently switching from a microscopic description in terms of
discrete actions to a coarse-grained description in terms of their spectral densities. Introducing the Boltzmann factor
η = exp (ε), where ε is referred to as the dressed energy, and minimizing the Shannon entropy, yields the following
Fredholm integral equation
log η(λ, µ) = hcl q
z − e(λ, µ)
Tcl
+
∫ ∞
0
dµ′
∫ ∞
−∞
dλ′T clµ,µ′(λ, λ
′)[η(λ′, µ′)]−1, (82)
where Tcl is temperature, hcl plays the role of chemical potential, while the integral kernel
T clµ,µ′(λ, λ
′) =
∂λΦ(τ, τ
′)
2pi
, (83)
is given by the differential solitons scattering shift.
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D. Soft solitons
We now analyze eqs. (82) in the vicinity of a non-magnetized sector, that is in the limit h → 0. Our aim is to
retrieve the dressing equations for a finite-density thermal gas of giant quasiparticles obtained in the previous section.
This will require us to consider a particular low-energy regime governed by wide and shallow solitons. This can be
achieved by taking two scaling limits hcl → 0 and λ, µ→∞ simultaneously, while keeping the ratios
u = λhcl, ξ = hcl q
z/2 = 2µhcl, (84)
finite. This will project out the low-energetic solitons with e ∼ hcl, large width Γ ∼ 1/hcl, and large magnetization
qz ∼ 1/hcl. The bare momentum p on the other hand stays finite, and the scattering phase shift remains unaltered. At
the same time we need to rescale η(λ, µ)→ η(ξ, u)/h2cl to compensate for the change of variables. The appropriately
rescaled version of eq. (82) then has the form
log η(ξ, u) = 2 log hcl + 2ξ − hcl
Tcl
ecl(ξ, u) +
∫ ∞
0
dξ′
∫ ∞
−∞
du′T clξ,ξ′(u, u
′)[η(ξ′, u′)]−1, (85)
with
ecl(ξ, u) =
8ξ
4u2 + ξ2
, T clξ,ξ′(u, u
′) =
1
pi
log
[
4(u− u′)2 + (ξ + ξ′)2
4(u− u′)2 + (ξ − ξ′)2
]
, (86)
being the bare energy of soft solitons and their scattering kernel, respectively.
Let us compute the contribution of soft solitons to the Gibbs free energy density,
−fsoft/Tcl = hcl
pi
∫ ∞
0
dξ
∫ ∞
−∞
du
ξ
4u2 + ξ2
1
η(ξ, u)
. (87)
Here the integral over ξ is an ordinary integral, in contrast to the quantum case (49). Using these expressions, we
deduce the static spin susceptibility in the infinite-temperature limit,
lim
hcl→0
χ(hcl) = −∂2hcl(fsoft/T )
∣∣∣
hcl=0
=
1
2
∂2hcl(hcl
(
cothhcl − 1)
)
=
1
3
. (88)
Soft solitons exhaust the full spin susceptibility in the h→ 0 limit. Crucially however, this results differs from static
spin susceptibility of the quantum spin chain (as it, of course, should); the difference between can be attributed to
the regularization of the ξ-integration around ξ = 0.
We notice that this gas of soft solitons coincides precisely with the giant quasiparticles we have identified in the
quantum Heisenberg chain, as they have identical scattering kernel and dispersion relation. The momentum and
energy differ between the quantum and classical cases by numerical multiplicative factors, which can be absorbed by
a redefinition of units of space and time (or energy). We do not fully understand the origin of these numerical factors,
and it would be interesting to clarify this point in future works.
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